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Abstract
We extend the standard construction of conserved currents for matter fields
in general relativity to general gauge theories. In the original construction the
conserved current associated with a spacetime symmetry generated by a Killing
field hµ is given by
√−g T µνhν , where T µν is the energy-momentum tensor of the
matter. We show that if in a Lagrangian field theory that has gauge symmetry in the
general Noetherian sense some of the elementary fields are fixed and are invariant
under a particular infinitesimal gauge transformation, then there is a current Bµ
that is analogous to
√−g T µνhν and is conserved if the non-fixed fields satisfy their
Euler–Lagrange equations. The conservation of Bµ can be seen as a consequence
of an identity that is a generalization of ∇µT µν = 0 and is a consequence of the
gauge symmetry of the Lagrangian. This identity holds in any configuration of the
fixed fields if the non-fixed fields satisfy their Euler–Lagrange equations. We also
show that Bµ differs from the relevant canonical Noether current by the sum of
an identically conserved current and a term that vanishes if the non-fixed fields are
on-shell. As example we discuss the case of general, possibly fermionic, matter fields
propagating in fixed gravitational and Yang–Mills background. We find that in this
case the generalization of ∇µT µν = 0 is the Lorentz law ∇µT µν − F aνλJaλ = 0,
which holds as a consequence of the diffeomorphism, local Lorentz and Yang–Mills
gauge symmetry of the matter Lagrangian. As a second simple example we consider
the case of general fields propagating in a background that consists of a gravitational
and a real scalar field.
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1 Introduction
In general relativity, the most usual way to construct conserved currents associated
with spacetime symmetries for matter fields is to contract the Einstein–Hilbert energy-
momentum tensor T µν with the Killing vector field hµ that generates the relevant symme-
try. It is easy to verify that the current jµ =
√−g T µνhν (where g denotes the determinant
of the metric) obtained in this way is conserved (i.e. ∂µj
µ = 0) as a consequence of the
Killing equation ∇µhν+∇νhµ = 0 and of the divergencelessness of T µν (∇µT µν = 0). The
latter property of T µν is ensured if the matter Lagrangian density transforms as a scalar
density under diffeomorphisms and the matter fields satisfy their equations of motion (see
e.g. Section E.1 of [1]). The metric does not need to satisfy its field equations, i.e. it
can be a fixed, external field. On the other hand, Noether’s first theorem can also be
used to construct a conserved current associated with hµ, if the matter fields admit a La-
grangian description. This current generally differs from
√−g T µνhν and its construction
is also apparently completely different. Nevertheless, it can be shown that if the matter
fields satisfy their Euler–Lagrange (EL) equations, then the difference between the two
currents is an identically conserved current, i.e. a current of the form ∂µΣ
µν , where Σµν
is antisymmetric [2, 3].
To some extent similarly, in electrodynamics the electric current is usually defined
as the Euler–Lagrange derivative of the Lagrangian function with respect to the vector
potential, i.e. as the source of the electromagnetic field, but it can also be obtained as the
Noether current corresponding to global U(1) gauge transformations.
The primary aim of the present paper is to generalize the construction described above
to any gauge theory that can be formulated in the framework applied in Noether’s classic
paper [4, 5] on symmetries and conservation laws in Lagrangian field theory. This is a
very general framework that allows one to study various special kinds of gauge theories,
for example diffeomorphism covariant theories and Yang–Mills (YM) type gauge theories,
on the same footing.
Our main motivation, besides general interest in conservation laws in gauge theories, to
look for a generalization of the above construction is that recent developments [6, 7, 8, 9]
appear to indicate that such a generalization is possible and would be useful for better
understanding these developments, for answering certain open questions and for possible
further applications.
In [6] it was proposed that in the case when some matter propagates in fixed electrically
charged black hole background, its energy and angular momentum can be obtained using
the conserved currents
jµ =
√−g (T µν hν + hνAνJ µ) , (1.1)
where Aµ is the vector potential of the background electromagnetic field, J µ is the electric
current, T µν is the Einstein–Hilbert energy-momentum tensor of the matter, and hµ is the
Killing field generating time translations1 or rotations. It is also assumed here that not
only the background electromagnetic field, but also Aµ is invariant under time translations
or rotations. (1.1) was very useful in [6] because, together with a suitable energy condition
on T µν , it allowed the authors to derive general results for charged black holes without
more detailed information on the nature of the matter. To justify (1.1), it was shown in
1See [6] regarding AdS black holes.
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[6] that the conservation of (1.1) can be derived from the generalized Lorentz law
∇µT µν = F νλJλ , (1.2)
the Killing equation, the symmetry of T µν , the invariance of Aµ, and the conservation of
the electric current. In (1.2) F µν denotes the electromagnetic field. A justification of the
validity of (1.2) was also given in [6], although it is not analogous to the derivation of
∇µT µν = 0 mentioned in the first paragraph, and it uses the Maxwell equation ∇µF µν =
0 for the background electromagnetic field. Nevertheless, a derivation of (1.2) that is
analogous to the derivation of ∇µT µν = 0 is possible, moreover it can be extended to the
case of fixed gravitational + YM background [10].
In [11] we also found the current (1.1) for the complex Klein–Gordon field by applying
Noether’s first theorem, and in [12] we found that in the case of the Dirac field as matter
field the current (1.1) can be obtained by adding a certain identically conserved current
to the Noether current, if the Dirac equation is satisfied. The only information on the
background metric (or tetrad) and vector potential that was needed for these results was
their invariance under time translation or rotation.
An identity and a current similar to (1.2) and (1.1) also appear in [7, 8]. In these
works (1.2) takes a more general form, since some of the currents associated with the fixed
covector fields are not conserved. Further comments concerning the formulas appearing
in [7, 8] will be made at the end of Section 3.1. A construction of currents in a general
setting that is partly similar to the one in the present paper was given in Section 2 of [9].
This will be discussed further at the end of Section 2.5.
We note that there is a well-known derivation of the generalized Lorentz law in the
case when electromagnetic field and matter propagates, interacting with one another, in
a fixed gravitational background (see Section 22.4 of [55]). In this derivation one obtains
the generalized Lorentz law from the Maxwell equations and from the divergencelessness
of the matter + electromagnetic total energy-momentum tensor. The derivation can also
be extended to nonabelian gauge theory in a straightforward way. Nevertheless, in this
paper we are interested in the more general situation when the electromagnetic (or YM)
field is also part of the background.
Regarding the results mentioned above, several questions can also be raised. Since
in [10] fermionic matter fields were not considered, one would like to derive (1.2) also
for the case when some matter fields are fermionic. (1.1) should also be extended to the
case of gravitational + YM background. One can ask what form (1.1) will take if the
vector potential is invariant under the diffeomorphisms generated by hµ only up to YM
gauge transformation, since the latter is a more natural symmetry requirement on the
vector potential. The difference between (1.1) and the Noether current that one obtains
by Noether’s first theorem should be investigated as well.
The generalization of the construction described in the first paragraph that we present
is closely related to Noether’s theorems and is relatively easy to find once one has thor-
oughly understood these theorems, therefore we review them briefly in a way that is
suitable for the purpose of this paper. This review is intended to be quite general but
mathematically elementary. For expositions of Noether’s theorems in the literature and
for related results see e.g. [13]-[41], [2], and references therein. Many references can be
found in [5] as well.
As an application and illustration of the general construction we discuss first the
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example of matter fields coupled to external gravitational and YM gauge fields (allowing
the electromagnetic field as a special case). The type of the matter fields and the precise
form of their Lagrangian are left unspecified. For deriving the generalized Lorentz law
and the related currents only the symmetry properties of the gravitational and YM gauge
fields and of the matter Lagrangian are needed, but in other parts for simplicity we
make some assumptions on the nature of the matter fields and on the form of the matter
Lagrangian. We allow fermionic matter fields, therefore we use tetrad fields as elementary
gravitational field variables. We discuss the cases of the Dirac field and the scalar field
as matter field more explicitly, since these are interesting special cases. The aim of this
example is also to answer the questions mentioned above. The second example, which
is included on account of its simplicity, is the case of arbitrary fields propagating in the
presence of external scalar and gravitational fields.
The paper is organized as follows. Section 2 contains the review of Noether’s theorems
and the generalization of the construction described in the first paragraph. The latter can
be found in Section 2.5, which is the central part of the paper. In Section 3 the details
of the first example introduced above are given. In particular, the generalized Lorentz
law and the currents (1.1) are discussed in Section 3.1. The second example is described
in Section 4. A summary is given in Section 5. Appendix A contains definitions and
comments related to the examples.
The signature of metric tensors is (+,−,−,−). The brackets ( ) and [ ] applied to
indices are used to denote symmetrization and antisymmetrization, and these operations
are understood to include division by the number of permutations. Coordinate based
formalism is employed and the notions of fiber bundles and differential forms are mostly
avoided in order to keep the exposition as elementary as possible. The terms gauge theory
and gauge symmetry are used in the general sense described in Section 2.3, and it is stated
explicitly when a special kind of gauge symmetry is meant. The coordinate independent
YM gauge transformations are called global.
2 Noether’s theorems and the construction of con-
served currents in the presence of fixed fields
In order to describe the situation when some of the fields are fixed, i.e. do not necessarily
satisfy their field equations, we divide the complete set of elementary fields into two sets.
The fields in these sets are denoted as Φi and χj , where i and j are general indices labeling
the fields and their components. Any of the two sets may be empty. Generally χj will
be the fixed fields, but Φi, which may be called dynamical fields, are also not assumed
to satisfy their field equations unless explicitly stated. The physical role of Φi and χj ,
i.e. whether they are matter or other type of fields, is not restricted. In particular, the
presence of a metric tensor is not required. Commuting and anticommuting fields are
both allowed. For simplicity the fields are assumed to be real (self-conjugate) in this
section. This does not cause any loss of generality, since any complex field is equivalent
to two real fields. For derivatives with respect to anticommuting variables the following
sign convention is used: if θ is an anticommuting variable and E is an expression of the
form E1θE2, then
∂E
∂θ
= (−1)nE1E2, where n = 0 if E2 is even and n = 1 if E2 is odd.
The Lagrangian density function L(xµ, χj, ∂µχj , ∂µνχj, . . . ,Φi, ∂µΦi, ∂µνΦi, . . . ) is as-
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sumed to be an even local function of Φi and χj, but otherwise it is allowed to depend
on arbitrarily high derivatives. Further assumptions on the Lagrangian are not made
in this section and it is not specified what kind of physical system it describes. A lo-
cal function of some fields φi(x
µ) is defined in this paper to be a function of the form
f(xµ, φi(x
µ), ∂νφi(x
µ), ∂νλφi(x
µ), . . . ), that depends on the fields and on finitely many
derivatives of them and may depend explicitly on the coordinates xµ as well2. Although
the action integral will not be used, it should be noted that the contribution to it from
the domain U on which xµ are defined is
∫
U
dDxL, where D denotes the dimension of
the base manifold M on which the fields are defined. The integration measure used here
is the measure determined by the coordinate chart. The behaviour of Φi and χj under
coordinate changes is not necessary to specify for the purpose of this section.
It is known that higher derivative theories generally have various undesirable fea-
tures, particularly instabilities and unphysical degrees of freedom, but they have better
renormalizability properties than low derivative theories and the difficulties caused by the
mentioned features may be surmountable (see e.g. [46, 47, 48, 49, 50, 51, 52, 53, 54]).
As far as symmetries are concerned, there is no major reason to restrict the order of the
derivatives that may appear in the Lagrangian.
We distinguish three theorems of Noether, and within the third theorem we distinguish
two parts. The first theorem, which is the most well-known, is not specific to gauge
theories. In the literature the third theorem is often included in the second one, but it
seems useful to separate them. In Noether’s paper [4, 5] the statement of the second
theorem does not include the third theorem, but the third theorem does not appear as a
separate theorem either.
We do not follow rigorously the original formulation of Noether’s theorems. In partic-
ular, we are interested only in the consequences of symmetries and do not consider reverse
statements. For the latter we refer the reader to the literature, e.g. [13].
The content of the three theorems can be summarized very briefly as follows. The
first theorem states that if the Lagrangian has a symmetry, then there exists a current
Jµ (the Noether current) that is conserved (i.e. ∂µJ
µ = 0) if the fields satisfy their EL
equations. The second theorem states that if the Lagrangian has a gauge symmetry,
then the EL derivatives of the Lagrangian with respect to the fields satisfy a differential
identity, thus the EL equations are not independent. The third theorem states that if
the Lagrangian has a gauge symmetry, then the Noether currents associated with these
symmetries coincide with certain identically conserved currents up to some terms that
vanish if all fields satisfy their EL equations.
In Section (2.2) we present the first theorem in a form that is adapted to the situation
when fixed fields are present. The distinction between Φi and χj is irrelevant in the second
and third theorems, but we keep it for later use in the construction in Section 2.5. The
definition of gauge symmetry in general sense can be found in Section 2.3.
After Noether’s three theorems we present the generalization of the construction de-
scribed in the first paragraph of Section 1. This generalized construction can also be
regarded as an extension of Noether’s theorems. The construction described in Section 1
has three parts: the first one is the construction of the energy-momentum tensor and the
derivation of its divergencelessness, the second one is the construction of the current from
2In [13] the term ’differential function’ is used instead of ’local function’.
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the energy-momentum tensor and from the Killing field and the derivation of its conser-
vation, and the third one is the result that the current constructed in this way differs from
the Noether current associated with the Killing field in an identically conserved current
if the matter fields satisfy their EL equations. Each part is generalized in Section 2.5.
In general relativity the divergencelessness of the energy-momentum tensor can also
be seen as a consequence of the Einstein equation if the metric is not fixed. Similarly, in
electrodynamics the conservation of the electric current can be seen as a consequence of
the Maxwell equation. These observations are also generalized in Section 2.5.
In the next subsection an auxiliary formula is described, which is of central importance
in the subsequent derivations.
2.1 The partial integration formula
Let G be a quantity that can be written as
G = Gαǫ
α +Gνα∂νǫ
α +Gνλα ∂νλǫ
α + . . . (2.1)
where ǫα is a function with several components indexed by α, the functions Gνλα , G
νλρ
α , ...
are completely symmetric in the upper indices, and the sum on the right hand side contains
only finitely many terms. By straightforward application of the basic differentiation rule
(uv)′ = u′v + uv′ one can show that
G = Gˆαǫ
α + ∂νGν , (2.2)
where
Gˆα = Gα − ∂νGνα + ∂νλGνλα − . . . (2.3)
and
Gν = Gναǫα + (Gνλα ∂λǫα − ∂λGνλα ǫα) + (Gνλρα ∂λρǫα − ∂ρGνλρα ∂λǫα + ∂λρGνλρα ǫα) + . . . (2.4)
The (n + 1)-th term of the sum on the right hand side of (2.3) is (−1)n∂ν1ν2...νnGν1ν2...νnα .
The n-th group of terms on the right hand side of (2.4) is
Gνλ1λ2...λn−1α ∂λ1λ2...λn−1ǫ
α − ∂λn−1Gνλ1λ2...λn−1α ∂λ1λ2...λn−2ǫα
+∂λn−2λn−1G
νλ1λ2...λn−1
α ∂λ1λ2...λn−3ǫ
α − . . .
+(−1)n−1∂λ1λ2...λn−1Gνλ1λ2...λn−1α ǫα .
Since the sum on the right hand side of (2.1) is finite, the sums in (2.3) and (2.4) are also
finite. Moreover, if Gα, G
ν
α, G
νλ
α , ... do not depend on ǫ
α (and on its derivatives), then if
all terms beyond the first n terms are zero on the right hand side of (2.1), then Gν does
not depend on higher than (n− 2)-th derivatives of ǫα.
We call (2.2) the partial integration formula, since it can be regarded as a generaliza-
tion of the differentiation rule (uv)′ = u′v + uv′ on which partial integration is based. It
is clear that adding an arbitrary conserved current to Gν preserves (2.2), but we always
use the definition (2.4).
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2.2 The first theorem
A one-parameter transformation of the fields can be written after linearization in the
parameter, denoted by s, as
Φi → Φi + sδΦi , χj → χj + sδχj . (2.5)
s is assumed to be real number valued and δΦi and δχj are assumed to have the same
commutation character as Φi and χj, respectively. Generally both δΦi and δχj may
depend on Φi and χj and on their derivatives. Such a transformation may be induced
by a transformation in the base manifold or in the target space of the fields, but may be
more general. Supersymmetry transformations, for example, also fit in this framework.
The associated first order variation of L is defined as δL = dL
ds
|s=0 = δLΦ + δLχ with
δLΦ =
∂L
∂Φi
δΦi +
∂L
∂(∂µΦi)
∂µδΦi +
∂L
∂(∂µνΦi)
∂µνδΦi + . . . (2.6)
δLχ =
∂L
∂χj
δχj +
∂L
∂(∂µχj)
∂µδχj +
∂L
∂(∂µνχj)
∂µνδχj + . . . (2.7)
Applying the partial integration formula (2.2) to (2.6) with α→ i, ǫα → δΦi and Gµν...α →
∂L
∂(∂µν...Φi)
gives
δLΦ =
δL
δΦi
δΦi + ∂µj
µ
Φ , (2.8)
where
δL
δΦi
=
∂L
∂Φi
− ∂µ ∂L
∂(∂µΦi)
+ ∂µν
∂L
∂(∂µνΦi)
− ∂µνλ ∂L
∂(∂µνλΦi)
+ . . . (2.9)
and
j
µ
Φ =
∂L
∂(∂µΦi)
δΦi +
(
∂L
∂(∂µνΦi)
∂νδΦi − ∂ν ∂L
∂(∂µνΦi)
δΦi
)
+
(
∂L
∂(∂µνλΦi)
∂νλδΦi − ∂ν ∂L
∂(∂µνλΦi)
∂λδΦi + ∂νλ
∂L
∂(∂µνλΦi)
δΦi
)
+ . . .
(2.10)
δL
δΦi
has the role of Gˆα and j
µ
Φ has the role of Gν . δLδΦi is the Euler–Lagrange derivative of L
with respect to Φi, and the Euler–Lagrange equations for Φi are
δL
δΦi
= 0. We call jµΦ the
Euler–Lagrange current corresponding to Φi, because it is the counterpart of the Euler–
Lagrange derivative in (2.8). We note that a closely related quantity is called symplectic
potential form in [2]. Formulas similar to (2.8), (2.9) and (2.10) can also be obtained for
χj by applying (2.2) to (2.7).
Let us consider now a specific transformation and assume that χj are in a configuration
that is invariant under this transformation, i.e. δχj = 0. If in addition
δLΦ = ∂µK
µ (2.11)
holds with some Kµ, then this transformation is called a symmetry transformation, and
(2.8) implies that
∂µJ
µ
Φ +
δL
δΦi
δΦi = 0 , (2.12)
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where JµΦ is defined as
J
µ
Φ = j
µ
Φ −Kµ (2.13)
and is called Noether current. In particular if Φi satisfy their EL equations, then from
(2.12) it follows that the current JµΦ is conserved: ∂µJ
µ
Φ = 0. These statements for J
µ
Φ
constitute the first theorem, extended to the situation when some of the elementary fields
are fixed but their configuration is invariant under the symmetry that is considered.
Usually δΦi are local functions of Φi, K
µ is also required to be a local function of Φi,
and (2.11) is understood to be an identity for Φi. In the rest of the paper these properties
will be assumed.
Although (2.11) is required above to hold only for a specific configuration of χj , in
practice one often has an identity δL = ∂µK
µ without any restriction on χj and with
Kµ, δχj , δΦi that are local functions of both Φi and χj , and then this identity reduces to
(2.11) if χj is such that δχj = 0.
It is clear that Kµ is not uniquely determined in (2.11), therefore the application of
the above theorem involves making a suitable choice. The simplest possibility, which is
suitable for many cases, is Kµ = 0 (see Section 3 for examples).
The local conservation law ∂µJ
µ
Φ = 0 can be rewritten in integral form by applying
Stokes’ theorem. Let U be a D-dimensional domain within U . By using Stokes’ theorem
one obtains ∫
∂U
nµJ
µ
Φ = 0 , (2.14)
where ∂U is the boundary of U and nµ is the normal vector field of ∂U . nµ is normalized
using the flat Euclidean metric δµν determined by the coordinate system, i.e. δ
µνnµnν = 1.
By restricting this metric to ∂U one gets a Riemannian metric on ∂U , and the correspond-
ing measure is the one that is used for the integration over ∂U . By choosing U to be a
cylindrical domain U = [t1, t2]× Ω, where Ω is a D − 1 dimensional domain, one obtains
from (2.14) the charge conservation law
∫
Ω
J0Φ|x0=t2 −
∫
Ω
J0Φ|x0=t1 = −
∫
[t1,t2]×∂Ω
nµJ
µ
Φ , (2.15)
where ∂Ω is the boundary of Ω and nµ is the outward pointing normal vector of ∂Ω.∫
Ω
J0Φ|x0=t1 and
∫
Ω
J0Φ|x0=t2 are the charges in Ω at x0 = t1 and x0 = t2, respectively, and∫
[t1,t2]×∂Ω nµJ
µ
Φ is the charge that flows out of Ω during the x
0 interval [t1, t2]. The index
of xµ runs from 0 to D − 1.
2.3 The second theorem
Let us consider a transformation of the fields specified by δΦi and δχj of the form
δΦi = δΦiα ǫ
α + δΦµiα ∂µǫ
α + δΦµνiα ∂µνǫ
α + . . . (2.16)
δχj = δχjα ǫ
α + δχµjα ∂µǫ
α + δχµνjα ∂µνǫ
α + . . . , (2.17)
where ǫα is a function that can have several components indexed by α and may be com-
muting or anticommuting, and there are finitely many terms in the sums on the right hand
sides. It is assumed that δΦiα, δΦ
µ
iα, δΦ
µν
iα , ..., δχjα, δχ
µ
jα, δχ
µν
jα, ... are local functions of
Φi and χj and do not depend on ǫ
α and on its derivatives. Transformations of this form
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are called (infinitesimal) gauge transformations, parametrized by ǫα. We do not assume
any group property of these transformations.
The partial integration formula (2.2) can be applied to δL
δΦi
δΦi and to
δL
δχj
δχj , giving
δL
δΦi
δΦi = BΦαǫ
α + ∂µBµΦ (2.18)
δL
δχj
δχj = Bχαǫ
α + ∂µBµχ , (2.19)
where
BΦα =
δL
δΦi
δΦiα − ∂µ
(
δL
δΦi
δΦµiα
)
+ ∂µν
(
δL
δΦi
δΦµνiα
)
− . . . (2.20)
BµΦ =
δL
δΦi
δΦµiαǫ
α +
[
δL
δΦi
δΦµνiα ∂νǫ
α − ∂ν
(
δL
δΦi
δΦµνiα
)
ǫα
]
+ . . . (2.21)
and similar formulas can also be written for χj. Using (2.18) and (2.19) one gets
δL = δLΦ + δLχ =
δL
δΦi
δΦi +
δL
δχj
δχj + ∂µj
µ
Φ + ∂µj
µ
χ
= BΦαǫ
α + ∂µBµΦ + ∂µjµΦ +Bχαǫα + ∂µBµχ + ∂µjµχ . (2.22)
Let us assume that the transformation specified by (2.16) and (2.17) is a symmetry
for arbitrary ǫα functions (and without any assumption on χj), i.e.
δL = ∂µK
µ (2.23)
with some Kµ. Kµ is also assumed to be a homogeneous linear local function of ǫα, i.e.
Kµ = Kµαǫ
α +Kµνα ∂νǫ
α +Kµνλα ∂νλǫ
α + . . . , (2.24)
where Kµα, K
µν
α , K
µνλ
α , ... do not depend on ǫ
α and on its derivatives and Kµνλ...α are
symmetric in the upper indices νλ . . . following µ. Kµα, K
µν
α , K
µνλ
α , ... are also local
functions of Φi and χj . In this case L is said to have a gauge symmetry, and it follows
from (2.22) that
(BΦα +Bχα)ǫ
α = −∂µ(BµΦ + Bµχ + Jµ) , (2.25)
where
Jµ = jµΦ + j
µ
χ −Kµ . (2.26)
If ǫα and sufficiently many of its derivatives vanish on the boundary of an open domain
Ω, then by applying Stokes’ theorem we get
∫
Ω
dDx (BΦα +Bχα)ǫ
α = 0 (2.27)
from (2.25). Since (2.23) holds for arbitrary ǫα, (2.27) implies that
BΦα +Bχα = 0 . (2.28)
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This result is the second theorem. From (2.20) it can be seen that (2.28) is a differential
identity for the EL derivatives of L with respect to Φi and χj .
(2.28) applied to the Einstein–Hilbert Lagrangian with the diffeomorphism symmetry
as the gauge symmetry gives ∇µGµν = 0, where Gµν is the Einstein tensor. This is
the twice contracted Bianchi identity, therefore (2.28) can be called generalized Bianchi
identity. BΦα and Bχα will be called Bianchi expressions.
Since BµΦ and Bµχ are the counterparts of BΦα and Bχα in (2.18) and (2.19), we call
them Bianchi currents. Note that BµΦ = 0 if Φi satisfy their EL equations and obviously
the same is true for χj and Bµχ. Moreover, BµΦ = 0 also if the coefficients of all derivatives
of ǫα on the right hand side of (2.16) are zero, and the same can be said of Bµχ.
If L has a gauge symmetry, then the corresponding variation δL of L is also a homo-
geneous linear local function of ǫα with some coefficients δLα, δL
µ
α, δL
µν
α , ... and (2.23)
holds for arbitrary ǫα, therefore the coefficients of ǫα, ∂µǫ
α, ∂µνǫ
α, ... on the two sides of
(2.23) have to be equal, i.e.
δLα = ∂µK
µ
α (2.29)
δLµα = K
µ
α + ∂νK
νµ
α (2.30)
δLµνα = K
µν
α + ∂λK
λµν
α (2.31)
. . .
These equations are known as Klein–Noether identities.
2.4 The third theorem
In this section we continue to consider Lagrangian systems with gauge symmetry. The
current Jµ introduced in (2.26) is the standard Noether current corresponding to the
symmetry transformation (2.16), (2.17) in absence of any fixed field, thus it is conserved
if both Φi and χj satisfy their EL equations. On the other hand, from (2.25) and (2.28)
it follows that the current
Iµ = BµΦ + Bµχ + Jµ (2.32)
is also conserved, regardless of the EL equations. Nevertheless, if Φi and χj satisfy their
EL equations, then Iµ = Jµ. Thus, by adding BµΦ + Bµχ to Jµ we get a current which is
conserved regardless of the EL equations, but which nevertheless coincides with Jµ if the
EL equations of all fields are satisfied. This is the first part of the third theorem.
The second part is the following: since Iµ is a homogeneous linear local function of ǫα
and is conserved for arbitrary ǫα, it can be written as
Iµ = ∂νΣ
µν , (2.33)
where Σµν , which is called superpotential, is antisymmetric and is given by the formula
Σµν =
1
2
(Iµνα − Iνµα )ǫα +
[
2
3
(Iµνρα − Iνµρα )∂ρǫα −
1
3
∂ρ(I
µνρ
α − Iνµρα )ǫα
]
+
[
3
4
(Iµνρλα − Iνµρλα )∂ρλǫα −
2
4
∂λ(I
µνρλ
α − Iνµρλα )∂ρǫα +
1
4
∂ρλ(I
µνρλ
α − Iνµρλα )ǫα
]
+ . . .
(2.34)
10
with the n-th group of terms on the right hand side being
n∑
i=1
(−1)i+1n+ 1− i
n+ 1
∂λn−i+1...λn−1(I
µνλ1...λn−1
α − Iνµλ1...λn−1α )∂λ1λ2...λn−iǫα . (2.35)
The Iµνλ...α appearing in these formulas are the coefficients in the expansion
Iµ = Iµαǫ
α + Iµνα ∂νǫ
α + Iµνλα ∂νλǫ
α + . . . . (2.36)
Iµνλ...α are symmetric in the upper indices νλ . . . following µ. The two conditions mentioned
above (2.33) are sufficient for (2.33) and (2.34), i.e. no more details on the properties of
Iµ are needed. This second part of the third theorem is proved for example in [14, 42].
It should be noted that although from the Poincare´ lemma it follows that in any
simply connected domain there exists some antisymmetric Σµν for which (2.33) holds, the
statement that the Σµν given by (2.34) satisfies (2.33) is stronger. (2.34) implies that
Σµν is also a local function of the fields, and therefore by applying Stokes’ theorem the
total charge corresponding to Iµ in a D − 1 dimensional domain Ω can be expressed as
an integral of a local expression of the fields over the boundary of Ω.
Currents of the form ∂νΣ
µν , where Σµν is antisymmetric, are identically conserved
because of the antisymmetry of Σµν . Moreover, from Stokes’ theorem it follows that if
Σµν falls off sufficiently fast at infinity, then the total charge associated with the current
∂νΣ
µν is zero. Due to these facts the currents that have the form ∂νΣ
µν are often called
trivial. Nevertheless, the Σµν introduced above does not always fall off very fast at
infinity and the associated charge can be different from zero. For further discussion of the
definition of total charges in gauge theories, especially in general relativity, the reader is
referred to the literature, e.g. [1, 2, 3, 16, 20, 21, 22, 24, 30, 34, 38, 39, 40, 55].
2.5 Conserved currents in gauge theories in the presence of fixed
fields
In this section the generalization of the construction mentioned at the beginning of Section
1 is described. It is assumed that L has a gauge symmetry in the general sense described
in Section 2.3. This means that L is assumed to have a gauge symmetry with respect
to the complete set of fields, but with respect to the actual dynamical fields it does not
necessarily have any gauge symmetry.
If Φi satisfy their EL equations, then BΦα = 0, as can be seen from (2.20), and thus
from the generalized Bianchi identity (2.28) it follows that
Bχα = 0 , (2.37)
without any assumption on χj . This is the first part of the construction. We call (2.37)
a partial Bianchi identity.
Next, let us consider the situation in which δχj = 0 for some particular ǫ
α, i.e. the
configuration of χj is invariant with respect to a particular infinitesimal gauge transfor-
mation. In this case it follows from (2.19) that
0 = Bχαǫ
α + ∂µBµχ . (2.38)
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Moreover, if Φi satisfy their EL equations, then Bχα = 0, as we have seen, thus (2.38)
reduces to
0 = ∂µBµχ . (2.39)
This means that in addition to the standard Noether current JµΦ there is another conserved
current, Bµχ. This is the second part of the construction.
If δχj = 0, then j
µ
χ = 0 and thus J
µ = JµΦ. From (2.32) and (2.33) it follows then that
− Bµχ = JµΦ + BµΦ − Iµ = JµΦ + BµΦ − ∂νΣµν , (2.40)
therefore the difference of −Bµχ and JµΦ is the sum of the terms BµΦ and −∂νΣµν , the first
of which vanishes when Φi satisfy their EL equations, and the second of which is the
divergence of an antisymmetric matrix. This is the third part of the construction.
(2.40) shows that although JµΦ and Bµχ are defined completely differently, they are
equivalent in the usual sense of the equivalence of conserved currents. It is also worth
mentioning that JµΦ depends on the choice of K
µ, whereas Bµχ does not.
Until now it has been assumed that L is the total Lagrangian of the system under
consideration, but it is clear that if L takes the form L = L1 + L2, where L1 does not
depend on Φi and their derivatives and L2 has gauge symmetry in itself, then the above
construction can also be applied to L2. For example, in the standard case in general
relativity one constructs
√−g T µνhν from the matter Lagrangian rather than from the
total Lagrangian, and the same will be done in the examples in Sections 3 and 4 as well.
If L1 has a gauge symmetry in itself and χj satisfy their EL equations
δL1
δχj
+ δL2
δχj
= 0,
then the generalized Bianchi identity for L1 together with the EL equations of χj imply
an equation that formally coincides with the partial Bianchi identity (2.37) obtained from
L2. In order to see this, one should consider that the expression that appears on the left
hand side of the generalized Bianchi identity is given in the present case by the formula
(2.20) for Bianchi expressions, with L → L1 and Φ → χ. In this expression δL1δχj can be
replaced by − δL2
δχj
as a consequence of the EL equations of χj , and the resulting expression
is just −1 times the one that appears in (2.37), thus indeed (2.37) is obtained. In this
argument it is not necessary to use any symmetry property of L2 and Φi do not have to
satisfy their EL equations. The example in Section 3 shows that the observations that
the Einstein equation implies the divergencelessness of the energy-momentum tensor and
the Maxwell equation implies the conservation of the electric current are special cases of
the result described in this paragraph.
We note that the second part of the construction is not used in the derivation of (2.40),
and (2.40) also implies the conservation of Bµχ. On the other hand, it is the derivation given
in the second part that is the generalization of the usual derivation of the conservation of√−g T µνhν in general relativity.
The results in Section 2 of [9] are similar to (2.40), but they are less explicit and are
restricted to the special case when the particular infinitesimal gauge transformation under
which χj are invariant is rigid, i.e. is such that ǫ
α is a constant function. In principle, it
is not a severe restriction to consider only rigid transformations, since a non-rigid gauge
transformation can be transformed into a rigid one by suitable reparametrisation. For
example, let us choose n different functions ǫαk , k = 1, . . . , n, so that ǫ
α
1 corresponds to
the particular transformation under which δχj = 0, and introduce the new parameter
functions ξk via ǫα = ξkǫαk . In terms of ξ
k the transformation specified by ǫα = ǫα1 is rigid,
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since it corresponds to ξ1 = 1, ξk = 0, k = 2, . . . , n. Nevertheless, one can deal with
non-rigid transformations directly, as we have seen in this section.
3 Matter fields in the presence of fixed gravitational
and Yang–Mills gauge fields
In this section the case of matter fields in the presence of gravitational and YM gauge
fields is discussed. Since fermionic fields are also considered, the basic gravitational field
variable is taken to be an orthonormal tetrad field V µ¯µ . The metric can be expressed
in terms of V µ¯µ as gµν = V
µ¯
µ V
ν¯
ν gµ¯ν¯ , where gµ¯ν¯ = diag(1,−1,−1,−1). Here and in the
following an overbar is used to distinguish internal Lorentz vector indices. Such indices
can be raised and lowered by gµ¯ν¯ and its inverse and V
µ¯
µ and its inverse can be used to
turn spacetime vector indices into internal Lorentz vector indices and vice versa. For a
detailed introduction to the tetrad formalism and its use for including half integer spin
fields in general relativity, see e.g. [56]. A different formalism is described e.g. in [45].
The Lie algebra of the global YM gauge group is taken to be a direct sum of compact
simple and u(1) algebras. It would be straightforward to consider several YM gauge
groups with distinct coupling constants, but for simplicity only one is taken. The structure
constants of the Lie algebra of the global YM gauge group are denoted by f cab . The basis of
the Lie algebra is chosen so that δab is invariant under the adjoint action, therefore there
is no significant difference between upper and lower Lie algebra indices. Nevertheless,
upper and lower indices will be distinguished and δab will be used to raise and lower
them. fabc is completely antisymmetric and real. The YM field strength is defined as
F aµν = ∂µA
a
ν −∂νAaµ+κfabcAbµAcν , where κ is the YM coupling constant and Aaµ is the YM
vector potential.
The Lagrangian density function L of the matter fields is assumed to be an even
real local function of the tetrad field, the YM vector potential and the matter fields,
and it is assumed to have diffeomorphism, local Lorentz and YM gauge symmetry in
the sense described in Section 2.3. The precise form of L and of the Lagrangian of the
gravitational and YM gauge fields does not need to be specified. For fermionic fields
Lorentz transformations mean SL(2,C) transformations.
The application of the first two parts of the construction described in Section 2.5
is discussed in Section 3.1, and the third part is discussed in Section 3.2. The matter
fields will take the role of Φi, whereas the tetrad and YM gauge fields together will take
the role of χj . As was mentioned in Section 2.5, the construction will be applied to
the matter Lagrangian described above, rather than to the total Lagrangian. The total
gauge symmetry group that will be considered is the group generated by the symmetries
mentioned above.
3.1 Bianchi currents and partial Bianchi identities
For the application of the first two parts of the construction described in Section 2.5 it is
necessary to know the transformation properties of the tetrad and of the YM gauge fields.
The Kµ quantities in the symmetry condition (2.23) and the transformation properties of
the matter fields are not needed.
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About the Bianchi currents the following general preliminary remarks can be made:
since the first order variations of each field that we consider depend only on ǫα and ∂µǫ
α
and not on higher derivatives, the corresponding Bianchi currents do not depend on the
derivatives of ǫα at all. Specifically, the first term on the right hand side of (2.21) gives
the Bianchi currents. Furthermore, if the first order variation of a field does not depend
on ∂µǫ
α, then the corresponding Bianchi current is zero.
The first order variation of the tetrad and the YM vector potential under a YM
gauge transformation parametrized by ǫa, which takes the role of ǫα and has values in the
coadjoint representation of the global gauge group, is
δV µ¯µ = 0 (3.1)
δAaµ = Dµǫ
a . (3.2)
Dµ denotes the covariant differential operator for the whole gauge group—for more detail
on its definition see Appendix A. In (3.2) Dµǫ
a = ∂µǫ
a + κfabcA
b
µǫ
c.
In the case of local Lorentz transformations the role of ǫα is taken by ωµ¯ν¯ , which is
antisymmetric. The first order variation of the tetrad and the YM vector potential is
δV µ¯µ = −ωλ¯ρ¯(Lλ¯ρ¯) µ¯ν¯ V ν¯µ (3.3)
δAaµ = 0 . (3.4)
The (Lλ¯ρ¯)
µ¯
ν¯ = gλ¯ν¯δ
µ¯
ρ¯ − gρ¯ν¯δµ¯λ¯ appearing in (3.3) are the generators of the Lorentz group
in the Minkowski representation.
In the case of diffeomorphisms the role of ǫα is taken by the vector fields hµ, which
generate diffeomorphisms. The first order variation of the tetrad and the YM vector
potential is
δV µ¯µ = −hν∂νV µ¯µ − ∂µhνV µ¯ν (3.5)
δAaµ = −hν∂νAaµ − ∂µhνAaν . (3.6)
(3.5) implies that δgµν = −hλ∂λgµν − gνλ∂µhλ − gµλ∂νhλ = −∇µhν − ∇νhµ. Here and
in subsequent formulas ∇µ denotes the usual Levi–Civita covariant differential operator
associated with the metric gµν . ∇µ acts only on the spacetime vector and covector indices.
(3.5) and (3.6) can also be written as δV µ¯µ = −hν∇νV µ¯µ − ∇µhνV µ¯ν , δAaµ = −hν∇νAaµ −
∇µhνAaν .
Using these transformation properties one finds that in the case of the YM gauge
symmetry the partial Bianchi identity (2.37) takes the form
BAa =
√−gDµJ µa = 0 , (3.7)
where J µa is defined as √−gJ µa = −
δL
δAaµ
(3.8)
and g denotes the determinant of the metric. BV a is obviously 0 in this case. We note
that (3.7) was also obtained e.g. in [10]. As is well known, (3.7) also follows from the YM
equation, if the YM field is not fixed. The Bianchi currents BµA and BµV , corresponding to
the YM gauge field and to the tetrad, are found to be
BµA = −
√−g ǫaJ µa , BµV = 0 , (3.9)
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thus Bµχ = BµA + BµV is
Bµχ = −
√−g ǫaJ µa . (3.10)
Bµχ is conserved if the first order variation of Aaµ corresponding to ǫa is zero, i.e. if
Dµǫ
a = 0, and the matter fields satisfy their EL equations. It is easy to see that
this is a consequence of the partial Bianchi identity (3.7): ∂µBµχ = −
√−g∇µ(ǫaJ µa ) =
−√−g(DµǫaJ µa + ǫaDµJ µa ), thus in virtue of (3.7) ∂µBµχ = −
√−gDµǫaJ µa , and this is
zero if Dµǫ
a = 0. This derivation is a specialization of the general derivation of (2.39) in
Section 2.5. For flat spacetime and in slightly different context it can also be found in
[43].
In the case of the local Lorentz symmetry the partial Bianchi identity (2.37) takes the
form
Bλ¯ρ¯ = BV,λ¯ρ¯ = −2
√−g Tλ¯ρ¯ = 0 (3.11)
where Tλ¯ρ¯ is the antisymmetric part in the decomposition
Vλ¯ρ
δL
δV
ρ¯
ρ
=
√−g(−Tλ¯ρ¯ + Tλ¯ρ¯) (3.12)
of 1√−gVλ¯ρ
δL
δV
ρ¯
ρ
into symmetric and antisymmetric parts. The Bianchi currents BµV and BµA
are obviously 0 for local Lorentz symmetry, thus also Bµχ = 0.
It is well known that (3.11) holds if all fields except the tetrad satisfy their EL equations
[56], but, as we have seen, due to δAaµ = 0 (3.11) holds even when the YM vector potential
is also fixed. It is clear that (3.11) holds generally if the fixed fields, with the exception
of the tetrad, are scalar under local Lorentz transformations.
For the diffeomorphism symmetry the Bianchi expressions BV µ and BAµ are
BV µ =
√−g(−∇νT νµ +∇νTνµ + TλνVλµ¯∇µV µ¯ν ) (3.13)
BAµ =
√−g(−J νa F aνµ −DνJ νa Aaµ) . (3.14)
The partial Bianchi identity (2.37) is BV µ+BAµ = 0, which can nevertheless be simplified
to the form
Bµ =
√−g(−∇νT νµ −J νa F aνµ) = 0 (3.15)
by using (3.7) and (3.11). T νµ, defined in (3.12), is the Einstein–Hilbert energy-momentum
tensor.
The Bianchi currents BµV and BµA are
BµV =
√−g(T µν − Tµν)hν , BµA =
√−g hνAaνJ µa . (3.16)
If the matter fields satisfy their EL equations, then Bµχ = BµV + BµA can be simplified to
the form
Bµ = √−g(T µν hν + hνAaνJ µa ) (3.17)
by using (3.11). Bµ is conserved if the matter fields satisfy their EL equations, hµ is a
Killing vector field and Aaµ is also invariant under the diffeomorphisms generated by h
µ. It
should be noted that the invariance of the tetrad field is not necessary for the conservation
of Bµ, the invariance of the metric (and of the vector potential) is sufficient. The reason
for this is explained in the paragraph below (3.19).
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The conservation of Bµ can again be seen as a consequence of (3.15) and of the
symmetry properties of the metric and the vector potential. (3.7) is also needed, be-
cause it was also used to bring Bµ to the form (3.15). The first step of the derivation
is to take the divergence of Bµ: ∂µBµ = √−g(∇µT µν hν + T µν∇µhν + DµJ µa Aaνhν +
J µa DµAaνhν + J µa Aaν∇µhν). If hµ is a Killing vector field, then T µν∇µhν = 0. In
virtue of the partial Bianchi identity (3.7), also DµJ µa Aaνhν = 0. According to (3.15),
∇µT µν hν can be replaced by −J µa F aµνhν . Thus the expression for ∂µBµ can be written as√−g(−J µa F aµνhν+J µa DµAaνhν+J µa Aaν∇µhν). Using the equation hµ∇µAaν+∇νhµAaµ = 0,
which expresses the invariance of the vector potential, J µa Aaν∇µhν can be replaced by
−J µa ∇νAaµhν , thus ∂µBµ =
√−g(−J µa F aµνhν + J µa DµAaνhν −J µa ∇νAaµhν). This is clearly
zero, since F aµν = DµA
a
ν −∇νAaµ.
More generally, it is interesting to consider the situation when hµ is a Killing vector
field but the vector potential is invariant under the generated diffeomorphisms only up
to a YM gauge transformation (see e.g. [44] regarding such invariance conditions). This
means that there exists a gauge transformation parameter ǫa so that the vector potential
is invariant under the joint infinitesimal diffeomorphism and YM gauge transformation
corresponding to (hµ, ǫa):
δAaν = −hµ∂µAaν − ∂νhµAaµ +Dνǫa = 0 . (3.18)
The corresponding Bianchi current
Bµ = √−g [T µν hν + (hνAaν − ǫa)J µa ] (3.19)
is the combination of (3.10) and (3.17). The conservation of (3.19) can be derived in a
similar way, using (3.18), as the conservation of (3.10) and (3.17). In this derivation the
equivalent form δAaν = −hµ∇µAaν −∇νhµAaµ +Dνǫa = 0 of (3.18) is useful.
In principle, the cases when the tetrad field is invariant under the diffeomorphisms
generated by hµ and when it is invariant only up to local Lorentz transformations are also
different, but since the Bianchi current corresponding to local Lorentz transformations is
zero, the Bianchi currents (3.17) or (3.19) are the same in both cases. This is not true for
the Noether currents; see Sections 3.2.3 and 3.2.5.
In the case when the YM gauge field is the electromagnetic field the Bianchi current
(3.17) is precisely the current (1.1) proposed in [6], and the partial Bianchi identity (3.15)
is the Lorentz law (1.2). It should be noted that in the (charged black hole) configura-
tions considered in [6] the background electromagnetic field satisfies the Maxwell equation
∇µF µν = 0, and this property was used in [6] in the derivation of the Lorentz law, but in
the present derivation this is not needed.
Making a small digression, we mention that if the YM symmetry of the Lagrangian
is not required and Aaµ are merely some fixed covector fields, then DνJ νa = 0 does not
necessarily hold, and from (3.13), (3.14) and (3.11) one obtains the partial Bianchi identity
Bµ =
√−g(−∇νT νµ −J νa F aνµ −DνJ νa Aaµ) = 0 , (3.20)
where Dµ and F
a
νµ are defined in the same way as in abelian gauge theory. This is the
identity that appears e.g. in [7, 8]. The formula (3.17) for the Bianchi current for a
diffeomorphism symmetry of the metric and Aaµ remains unchanged.
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3.2 Noether currents and superpotentials
In this section we discuss the Noether currents and the superpotentials for the diffeomor-
phism, local Lorentz and YM gauge symmetries, concentrating on the third part of the
construction in Section 2.5.
For simplicity we assume that the Lagrangian density of the matter fields takes the
form
L =
√−g Lˆ(V µ¯µ , ψ ρˇνˇ αk , ψ¯ ρˇαkνˇ , Dµψ ρˇνˇ αk , Dµψ¯ ρˇαkνˇ ) , (3.21)
where ψ ρˇνˇ αk is a complex matter field and ψ¯
ρˇαk
νˇ is its (generalized) Dirac conjugate. We
take only one matter field, but it is completely straightforward to include more of them.
The above form of L implies that the matter field is coupled minimally to the gravitational
and YM fields, and that L does not depend on higher than first derivatives of the matter
field. Matter fields can be real as well, in this case the Dirac conjugate field is not needed.
ψ
ρˇ
νˇ αk has n covector indices and m vector indices, denoted collectively as νˇ and ρˇ, i.e.
νˇ ≡ ν1ν2 . . . νn and ρˇ ≡ ρ1ρ2 . . . ρm.
Under the global YM gauge group ψ ρˇνˇ αk transforms according to a not necessarily
irreducible finite dimensional unitary representation R; the corresponding index is de-
noted by k. The basis in this representation is chosen to be orthogonal and normalized
to 1. The generators of the global YM Lie algebra in the representation R are denoted,
after they are multiplied by i, by (ta)
l
k . These matrices satisfy the commutation relations
[ta, tb] = if
c
ab tc of the Lie algebra of the global gauge group and are self-adjoint (i.e.
t†a = ta).
Under Lorentz transformations ψ ρˇνˇ αk transforms according to a not necessarily irre-
ducible finite dimensional real representation; the corresponding index is denoted by α. A
real representation is a direct sum of the irreducible real representations ( l1
2
, l2
2
)⊕ ( l2
2
, l1
2
),
l1 6= l2, l1, l2 ∈ N, and ( l2 , l2), l ∈ N, where ( l12 , l22 ), l1, l2 ∈ N, denote the finite dimen-
sional irreducible representations of the Lorentz group. The simplest examples of these
irreducible real representations are the Dirac spinor representation (1
2
, 0)⊕ (0, 1
2
) and the
Minkowski representation (1
2
, 1
2
). A representation ( l1
2
, l2
2
) is fermionic if l1+ l2 is odd and
bosonic if l1+l2 is even. (
1
2
, 0) and (0, 1
2
) are the Weyl spinor representations. ψ ρˇνˇ αk can be
taken to be number valued, but if it transforms according to a fermionic representation,
then it is also reasonable to take it to be anticommuting. The formulas written in this
section are valid for both options.
The generalized Dirac conjugation is defined as
ψ¯
ρˇβk
νˇ = ψ
ρˇ ∗
νˇ αk ǫ
αβ , (3.22)
where ∗ denotes complex conjugation3 and ǫαβ is a nondegenerate matrix with the prop-
erties ǫαβ∗ = ǫβα and (Lµ¯ν¯) α∗δ ǫ
δβ + (Lµ¯ν¯)
β
δ ǫ
αδ = 0. The latter property is needed for the
Lorentz covariance of the Dirac conjugation, and the Lµ¯ν¯ appearing in it denote the gen-
erators of the Lorentz group in the representation according to which ψ ρˇνˇ αk transforms.
An ǫαβ matrix with these properties can be found for any finite dimensional real represen-
tation of the Lorentz group. If ψ ρˇνˇ αk transforms as a Dirac spinor and one uses e.g. the
Weyl basis for Dirac spinors, then ǫαβ can be taken to be the Dirac gamma matrix γ 0¯. For
3For products of anticommuting quantities complex conjugation includes a reversal of the order of the
factors.
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the purpose of the present paper it is not necessary to specify ǫαβ explicitly for the other
representations. In general it would be necessary to insert into (3.22) a matrix similar to
ǫαβ for the YM indices as well, but with the special choice of basis in R mentioned above
this matrix is the unit matrix.
The restrictions on the possible indices of the matter field above are done in order
to avoid writing large formulas. Nevertheless, it is straightforward to extend the various
formulas to the cases when ψ transforms under Lorentz transformations according to a
nonreal representation (e.g. according to the Weyl spinor representations), or when ψ has
several indices corresponding to Lorentz transformations.
We also assume for simplicity that Lˆ is invariant under YM gauge transformations and
local Lorentz transformations and transforms as a scalar function under diffeomorphisms.
In this case the simplest and most natural choice for Kµ in the symmetry condition
(2.23) is Kµ = 0 for YM gauge transformations and local Lorentz transformations and
Kµ = −hµL for diffeomorphisms.
It should be noted that in the literature the matter fields are often regarded as sections
of suitable vector bundles over M . In a coordinate based formalism it is usually assumed
that a trivialization is fixed for these vector bundles over the coordinate patch U that is
under consideration.
It is useful to introduce the following notation:
P
µνˇ αk
ρˇ =
∂Lˆ
∂Dµψ
ρˇ
νˇ αk
P˜
µνˇ
ρˇαk =
∂Lˆ
∂Dµψ¯
ρˇαk
νˇ
(3.23)
E νˇ αkρˇ =
1√−g
δL
δψ
ρˇ
νˇ αk
E˜ νˇρˇαk =
1√−g
δL
δψ¯
ρˇαk
νˇ
(3.24)
A
µλν
i = (P
µ...λ... αk
ρˇ + P
λ...µ... αk
ρˇ )ψ
ν ρˇ
... ... αk − P ν...λ... αkρˇ ψ µ ρˇ... ... αk
+(P˜ µ...λ...ρˇαk + P˜
λ...µ...
ρˇαk )ψ¯
ν ρˇαk
... ... − P˜ ν...λ...ρˇαk ψ¯ µ ρˇαk... ... (3.25)
B
µλν
i = (P
µνˇ λ αk
... ... − P λνˇ µ αk... ... )ψ ...ν...νˇ αk + P ννˇ λ αk... ... ψ ...µ...νˇ αk
+(P˜ µνˇ λ... ...αk − P˜ λνˇ µ... ...αk )ψ¯ ...ν...αkνˇ + P˜ ννˇ λ... ...αk ψ¯ ...µ...αkνˇ (3.26)
Qµδ¯λ¯ =
1
2
P
µνˇ αk
ρˇ ψ
ρˇ
νˇ βk(L
δ¯λ¯) βα −
1
2
P˜
µνˇ
ρˇαk ψ¯
ρˇβk
νˇ (L
δ¯λ¯) αβ (3.27)
In (3.25), for example, P µ...λ... αkρˇ at the beginning of the right hand side means
P
µν1ν2...νi−1λνi+1...νn αk
ρˇ , and similar notation is used subsequently.
Qµδ¯λ¯ is antisymmetric in the last two indices. The reality of L implies that P µνˇ αkρˇ is
the Dirac conjugate of P˜ µνˇρˇαk and E
νˇ αk
ρˇ is the Dirac conjugate of E˜
νˇ
ρˇαk if ψ
ρˇ
νˇ αk is an
even field and P µνˇ αkρˇ is −1 times the Dirac conjugate of P˜ µνˇρˇαk and E νˇ αkρˇ is −1 times
the Dirac conjugate of E˜ νˇρˇαk if ψ
ρˇ
νˇ αk is anticommuting.
3.2.1 The Euler–Lagrange currents
As a preliminary step one determines the currents jµV , j
µ
A and j
µ
ψ for arbitrary variations
of the tetrad, the Yang–Mills vector potential and the matter field. One finds
j
µ
A = 0 , (3.28)
18
j
µ
ψ =
√−g(P µνˇ αkρˇ δψ ρˇνˇ αk + P˜ µνˇρˇαk δψ¯ ρˇαkνˇ ) , (3.29)
and
j
µ
V = j
µ
g + j
µ
w (3.30)
jµg =
√−g
[
−1
2
n∑
i=1
A
µ(νλ)
i +
1
2
m∑
i=1
B
µ(νλ)
i +Q
(νλ)µ
]
γνλ (3.31)
jµw =
√−gQµνλw[νλ] (3.32)
γµν = δgµν = 2w(µν), wµν = Vνµ¯δV
µ¯
µ . The quantities A
µνλ
i , B
µνλ
i and Q
µνλ
i in (3.31) and
(3.32) come from the variation of the connection.
With the above formulas at hand one can proceed to determining the Noether currents
and the superpotentials for the various gauge symmetries. For this it is also necessary
to know the variation of the matter field under the gauge transformations. The Noether
currents Jµ are obtained as Jµ = jµV + j
µ
ψ −Kµ, specializing δAaµ, δV µ¯µ and δψ ρˇνˇ αk in the
above formulas for jµV and j
µ
ψ according to the particular transformation rules (3.1)-(3.6),
(3.34), (3.36) and (3.38). JµΦ ≡ Jµψ is jµψ − Kµ. Using (3.34), (3.36) or (3.38) one can
calculate Bµψ, then Iµ is obtained as Iµ = Jµ + BµA +BµV + Bµψ, and finally Σµν is given by
(2.34). This general procedure for determining Iµ and Σµν can be simplified further in the
present example in the following way: Iµ does not depend on higher than first derivatives
of ǫα, i.e. Iµ = ǫαIµα+∂νǫ
αIµνα , thus according to (2.34) Σ
µν = ǫαI
[µν]
α . This shows that Iµνα
completely determines Σµν and Iµ. In particular, from Iµ = ∂νΣ
µν we get Iµα = ∂νI
[µν]
α
and Iµνα = I
[µν]
α . Furthermore, since the Bianchi currents and Kµ do not depend on the
derivatives of ǫα, Iµνα = J
µν
α = j
µν
V,α + j
µν
ψ,α, i.e.
Σµν = ǫα(jµνV,α + j
µν
ψ,α) . (3.33)
The notation Jµνα , j
µν
V,α, j
µν
ψ,α is understood in the same way as I
µν
α and the index α is used
here in the same sense as in Section 2.
3.2.2 Yang–Mills gauge symmetry
The first order variation of the matter field under a YM gauge transformation para-
metrized by ǫa is
δψ
ρˇ
νˇ αk = iκǫ
a(ta)
l
k ψ
ρˇ
νˇ αl . (3.34)
One finds that for YM gauge transformations the Noether current is
Jµ =
√−g ǫaJ µa , (3.35)
which is obtained by specializing δψk in (3.29) according to (3.34). Since K
µ = jµA = j
µ
V =
0, Jµ = Jµψ = j
µ
ψ. J
µ does not depend on the derivatives of ǫa, therefore Iµ and Σµν are
0, and the Bianchi current Bµχ is identical to −Jµ even if the matter field does not satisfy
its EL equation. The Bianchi currents BµA and BµV are given in (3.9), and Bµψ = 0.
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3.2.3 Local Lorentz symmetry
The first order variation of the matter field under a local Lorentz transformation is
δψ
ρˇ
νˇ αk = ω
µ¯ν¯(Lµ¯ν¯)
β
α ψ
ρˇ
νˇ βk . (3.36)
Bµψ is obviously zero and in Section 3.1 we saw that also BµV = BµA = 0. After some
calculation one finds that Jµ = 0 as well, thus Iµ = 0. On the other hand, Jµψ is not zero:
J
µ
ψ = 2
√−gQµν¯η¯ων¯η¯ . (3.37)
A nonzero tetrad is not invariant under any Lorentz transformation, therefore Jµψ is gen-
erally not conserved. Nevertheless, Jµψ has an important role when the tetrad and the
vector potential are invariant under a combined transformation (see Section 3.2.5).
3.2.4 Diffeomorphism symmetry
The first order variation of the matter field under a diffeomorphism generated by hµ is
the Lie derivative
δψ
ρˇ
νˇ αk = −hµ∂µψ ρˇνˇ αk
−∂ν1hµψ ρˇµν2...νn αk − ∂ν2hµψ ρˇν1µν3...νn αk − · · · − ∂νnhµψ ρˇν1...νn−1µ αk
+∂µh
ρ1ψ
µρ2...ρm
νˇ αk + ∂µh
ρ2ψ
ρ1µρ3...ρm
νˇ αk + · · ·+ ∂µhρmψ ρ1...ρm−1µνˇ αk . (3.38)
It is straightforward to obtain explicit expressions for Jµ and Jµψ , but we do not write
them out here, since they are not enlightening. The Bianchi currents are (3.16) and
Bµψ =
√−g[−Eµν2ν3... αkρˇ hλψ ρˇλν2ν3... αk −Eν1µν3... αkρˇ hλψ ρˇν1λν3... αk − . . .
+E νˇ αkλρ2ρ3... h
λψ
µρ2ρ3...
νˇ αk + E
νˇ αk
ρ1λρ3...
hλψ
ρ1µρ3...
νˇ αk + . . .
+[E˜ψ¯]
]
, (3.39)
where [E˜ψ¯] represents the complex conjugate of the previous terms.
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Iµ is found to be
Iµ =
√−g
[
∇ν [2(Q(µλ)νhλ −Q(νλ)µhλ)−Qλµνhλ]
−1
2
n∑
i=1
∇ν [P µ...ν... αkρˇ ψ λ ρˇ... ... αkhλ − P ν...µ... αkρˇ ψ λ ρˇ... ... αkhλ]
+
1
2
n∑
i=1
∇ν [P µ...λ... αkρˇ ψ ν ρˇ... ... αkhλ − P ν...λ... αkρˇ ψ µ ρˇ... ... αkhλ]
+
1
2
n∑
i=1
∇ν [P λ...µ... αkρˇ ψ ν ρˇ... ... αkhλ − P λ...ν... αkρˇ ψ µ ρˇ... ... αkhλ]
−1
2
m∑
i=1
∇ρ[P µνˇ ρ αk... ... ψ ...λ...νˇ αkhλ − P ρνˇ µ αk... ... ψ ...λ...νˇ αkhλ]
+
1
2
m∑
i=1
∇ρ[P µνˇ λ αk... ... ψ ...ρ...νˇ αkhλ − P ρνˇ λ αk... ... ψ ...µ...νˇ αkhλ]
+
1
2
m∑
i=1
∇ρ[P λνˇ µ αk... ... ψ ...ρ...νˇ αkhλ − P λνˇ ρ αk... ... ψ ...µ...νˇ αkhλ]
+[P˜ ψ¯]
]
, (3.40)
where [P˜ ψ¯] represents the complex conjugate of the Pψ type terms in the previous six
lines. Σµν is obtained by omitting the ∇ operators in (3.40) and changing the ρ index to
ν where necessary.
It is interesting to note that if the matter field is scalar with respect to diffeomorphisms
and local Lorentz transformations, then Bµψ = 0 and Iµ = 0, therefore the Bianchi current
Bµχ coincides with −Jµ even if the matter field does not satisfy its EL equations. Bµψ = 0
holds even if the matter field is scalar only with respect to diffeomorphisms.
3.2.5 Mixed symmetries
A general infinitesimal gauge transformation is a combination of the special transforma-
tions discussed in the previous subsections and is characterized by a triple (hµ, ωµ¯ν¯ , ǫa).
For such transformations δV µ¯µ , δA
a
µ and δψ
ρˇ
νˇ αk , the Bianchi currents, the Noether currents,
Iµ and Σµν are just the sums of the relevant expressions for the special transformations.
A common case when combined transformations are important is when a spacetime
has complete rotation symmetry (SO(3)). Since it is not possible to choose a tetrad that
is invariant under the entire rotation group (understood as a subgroup of the group of
diffeomorphisms), some of the rotation symmetry transformations of the tetrad necessarily
involve local Lorentz transformations, and this has to be taken into account when one
calculates Noether currents.
3.2.6 The Dirac field
An important example of a matter Lagrangian is the Dirac Lagrangian
L =
√−g
[
1
2
gµν(ψ¯iγµDνψ −Dνψ¯iγµψ)−mψ¯ψ
]
, (3.41)
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where ψ denotes the Dirac field. As usual, the Dirac spinor indices are omitted, and the
indices related to YM gauge group representations are also suppressed. γµ are defined
as γµ = V µµ¯ γ
µ¯, where γµ¯ are the standard Dirac gamma matrices in Minkowski space
(see e.g. [57]). The generators of the Lorentz group Lν¯λ¯ in the Dirac representation are
Lµ¯ν¯ = 1
2
σµ¯ν¯ , where σµ¯ν¯ = 1
2
[γµ¯, γ ν¯ ].
Iµ (see (3.40)) takes a relatively simple form for the Dirac field. Since the Dirac field
does not have vector and covector indices, only the Q terms are present in (3.40). The
quantities Aµλν and Bµλν introduced in (3.25) and (3.26) are also absent. The quantity
Qµδ¯λ¯ introduced in (3.27) is Qµδ¯λ¯ = 1
8
(ψ¯iγµσδ¯λ¯ψ + ψ¯σδ¯λ¯iγµψ). γµσδλ + σδλγµ = γλγµγδ −
γδγµγλ, therefore Qµδλ can also be written as
Qµδλ =
1
8
iψ¯(γλγµγδ − γδγµγλ)ψ . (3.42)
It is not difficult to see that Q(νλ)µ = 0, thus
Iµ = −√−g∇ν(Qλµνhλ) (3.43)
in the case of the Dirac field. This result for Iµ was also found in [14] in the special case
of the electromagnetic field as YM gauge field. In [14] the approach to treating spinor
fields was different from the one applied in this paper.
For a diffeomorphism symmetry under which the tetrad and the vector potential are in-
variant the canonical Noether current Jµψ is found to be−
√−g 1
2
(ψ¯iγµ∇νψ−∇νψ¯iγµψ)hν−
hµL. For the Einstein-Hilbert energy-momentum tensor one finds the expression T µν =
1
4
(ψ¯iγµDνψ + ψ¯iγνDµψ −Dµψ¯iγνψ −Dνψ¯iγµψ), and J µa = −κψ¯γµtaψ.
In [12] it was found in an ad hoc manner that subtracting
√−g∇ν(Qλµνhλ) from the
canonical Noether current −Jµψ gives (1.1), if the Dirac equation is satisfied. Here we
have been able to derive this within a general formalism. (Note that in [12] the YM gauge
field was the electromagnetic field and a factor −1 was included in the definition of the
Noether currents.)
4 Matter fields in the presence of fixed gravitational
and scalar fields
In this example we discuss only the partial Bianchi identity and the Bianchi current. The
matter Lagrangian is again assumed to have the standard form L =
√−gLˆ, and Lˆ is
assumed to be a local function of the tetrad, the real scalar field φ, and the other fields. Lˆ
is also assumed to be invariant under local Lorentz transformations and to transform as a
scalar function under diffeomorphisms. The total gauge symmetry group in this example
is thus the group generated by diffeomorphisms and local Lorentz transformations. The
nature of the matter fields does not need to be specified.
The first order variation of φ under a diffeomorphism is δφ = −hµ∂µφ. Using this
property one obtains Bφµ = −√−gJφ∂µφ for for the Bianchi expression Bφµ, with Jφ =
1√−g
δL
δφ
. BV µ is given by (3.13). Taking into consideration Tµ¯ν¯ = 0 (see (3.11)), the partial
Bianchi identity BV µ +Bφµ = 0 is thus
Bµ =
√−g(−∇νT νµ − Jφ∂µφ) = 0 . (4.1)
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The Bianchi current Bµφ is obviously zero, therefore the Bianchi current Bµχ is
√−g T µν hν ,
i.e. it takes the same form as in the absence of the fixed scalar field. Bµχ is conserved if hµ is
a Killing field, the first order variation of φ with respect to the diffeomorphisms generated
by hµ is also zero, and the matter fields satisfy their EL equations. The conservation of Bµχ
can be derived from (4.1) and from the symmetry properties of the metric and the scalar
field: ∇µ(T µν hν) = ∇µT µν hν + T µν∇µhν , and here on the right hand side the second
term is zero in virtue of the Killing equation, whereas the first term can be rewritten as
∇µT µν hν = −Jφhν∂νφ using (4.1). Jφhν∂νφ is indeed zero if δφ = 0.
It is interesting to note that if only the scalar field is fixed, then the partial Bianchi
identity becomes Bµ =
√−g(−Jφ∂µφ) = 0 (and now Jφ is obtained from the total
Lagrangian), as is also found in [29]. This identity has the remarkable consequence that
either φ is constant or it also satisfies its EL equation.
5 Conclusion
In this paper we extended the standard construction of conserved currents associated with
spacetime symmetries for matter fields propagating in fixed curved spacetime to general
gauge theories, without any restriction on the order of the derivatives of the fields that
may appear in the Lagrangian. In particular we showed that if in a Lagrangian field theory
that has gauge symmetry in the general Noetherian sense some of the elementary fields
are fixed and are invariant under an infinitesimal gauge transformation, then there exists
a current, which we called Bianchi current, that is analogous to the current
√−g T µν hν
used in general relativity and is conserved if the non-fixed fields satisfy their Euler–
Lagrange equations. The conservation of this current can be seen as a consequence of the
symmetry of the fixed fields and of an identity, which we called partial Bianchi identity,
that is analogous to ∇µT µν = 0 and follows from the gauge symmetry of the Lagrangian.
We also showed that the Noether current associated with the symmetry of the fixed fields
obtained by applying Noether’s first theorem differs from the Bianchi current by the sum
of an identically conserved current and a term that vanishes if the non-fixed fields satisfy
their Euler–Lagrange equations. We gave explicit formulas for the Bianchi current and for
the other quantities appearing in these results, so they can be calculated in any particular
model. If the total Lagrangian can be split in the same way as in general relativity to
a ‘matter’ and a ‘gravitational’ part, so that the latter depends only on the fixed fields,
then the construction can be applied to the ‘matter’ part separately, as is done in general
relativity in the standard case.
As example we discussed first the case of general matter fields propagating in back-
grounds consisting of a gravitational and a Yang–Mills field. We found (3.17) as the
generalization of the current
√−g T µν hν . The extension of (3.17) to the case when the
Yang–Mills part of the background, i.e. the vector potential, is invariant under the dif-
feomorphisms generated by hµ only up to (Yang–Mills) gauge transformations is (3.19).
As the generalization of the property ∇µT µν = 0 we found the Lorentz law (3.15). This
means that the Lorentz law is found to hold in arbitrary gravitational and Yang–Mills
background, if the matter fields satisfy their Euler–Lagrange equations and the matter
Lagrangian has diffeomorphism, local Lorentz and Yang–Mills gauge symmetry. For lo-
cal Lorentz transformations and Yang–Mills gauge transformations we found the partial
Bianchi identities (3.11) and (3.7). The Bianchi current for a Yang–Mills gauge symmetry
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of the fixed fields is (3.10). Under not very restrictive assumptions on the type of the
matter fields and on the form of the matter Lagrangian we investigated the difference
between the Bianchi currents and the Noether currents. In the case of Yang–Mills gauge
symmetries these currents coincide even if the dynamical fields do not satisfy their Euler–
Lagrange equations. In the case of diffeomorphism symmetries the Bianchi currents are
generally not identical with the Noether currents, except if the matter fields are scalar
fields, as the known results for zero fixed Yang–Mills field also indicate. We obtained the
formulas (3.39) and (3.40) for the characterization of the difference between the Bianchi
and Noether currents. In the case of the Dirac field (3.40) reduces to (3.43).
If the requirement of the Yang–Mills symmetry of the Lagrangian is omitted but fixed
covector fields are nevertheless present, then the generalization of ∇µT µν = 0 becomes
(3.20) instead of (3.15), whereas the Bianchi current for a diffeomorphism symmetry has
the unchanged form (3.17).
The second example was the case of fields propagating in backgrounds consisting of a
gravitational and a real scalar field. As the generalization of ∇µT µν = 0 we found (4.1),
whereas the Bianchi current turned out to have the same form,
√−g T µν hν , as in the
absence of the fixed scalar field.
The construction presented in this paper can be applied in a very wide variety of
models, for example in metric-affine gravitation theory or in other extended models of
gravitation coupled with Yang–Mills type gauge fields and matter fields. It would be
interesting to see if the Bianchi currents that can be constructed in these models can be
used to obtain results similar to those in [6]. p-form field theory and other higher spin
gauge theories are further examples that could be investigated.
Although in the examples that we discussed one of the fixed fields was the gravitational
field, one can also apply the construction in cases when the gravitational field is not among
the fixed fields. Examples of partial Bianchi identities for such cases have already been
given in [29].
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A Auxiliary formulas and remarks
In Section 3 the complete gauge group is the group generated by the diffeomorphisms,
the local Lorentz transformations and the YM gauge transformations. The covariant
derivative of the matter field ψ ρˇνˇ αk—introduced at the beginning of Section 3.2—for this
gauge group is given by the formula
Dµψ
ρˇ
νˇ αk = ∇µψ ρˇνˇ αk + S βα µψ ρˇνˇ βk − iκAaµ(ta) lk ψ ρˇνˇ αl , (A.1)
where ∇µ denotes the Levi–Civita covariant differentiation corresponding to gµν and
S βα µ =
1
2
(Lν¯λ¯) βα Sν¯λ¯µ, S λ¯η¯µ = −V νη¯ ∇µV λ¯ν . (Lν¯λ¯) βα and (ta) lk are the generators of the
Lorentz group and of the global YM gauge group, respectively, in the representations
according to which the matter field transforms. The second term on the right hand side
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of (A.1) describes the action of Dµ on the Lorentz group related indices, and the third
term gives the action of Dµ on the YM indices. More details concerning the second term
can be found e.g. in [56]. One also applies Dµ as an operator to other fields that have the
same types of indices as the matter field, even if they transform somewhat differently, as
the vector potential Aaµ, for example.
The local Lorentz transformations and the YM gauge transformations form two normal
subgroups in the complete gauge group, but the group of diffeomorphisms is not a normal
subgroup either with respect to YM gauge transformations or with respect to local Lorentz
transformations. In accordance with this situation the Lie derivatives of those fields that
are not scalar with respect to local Lorentz transformations or YM gauge transformations
generally transform in a noncovariant manner under these transformations.
Since the subgroup of diffeomorphisms is not a normal subgroup in the complete gauge
group, from purely group theoretical point of view the complete gauge group does not
have a unique diffeomorphism subgroup, rather it has many diffeomorphism subgroups
conjugate to one another. Nevertheless, in a coordinate based formalism a definite diffeo-
morphism subgroup becomes distinguished implicitly, which can be called the subgroup
of diffeomorphisms.
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